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1. Introduction. The spectral curve of a periodic differential operator
is fundamental to finite gap integration theory. The solution of the inverse
problem for a finite gap operator consists in assigning such an operator
to the spectral data consisting of the spectral curve and some additional
data related to it. For one–dimensional Schro¨dinger operators the spectral
curve was defined in [1], and in [2] this notion was generalized to two–
dimensional Schro¨dinger operators for which the spectral curve parametrizes
the Floquet–Bloch functions at a fixed energy level.
In the present article we show that an analogous spectral curve can be
defined for the Cauchy–Riemann operator on a punctured elliptic curve,
provided one imposes appropriate boundary conditions.
Theorem 1 Let X be an elliptic curve X = C/{Ze1+Ze2}, where e1 and e2
are generators of the period lattice, and let p1, . . . , pN be pair–wise distinct
points on X. We consider the linear problem
∂¯ψ = 0, (1)
ψ(z + ej) = e
2pii〈k,ej〉ψ(z), j = 1, 2, (2)
where k = (k1, k2) ∈ C
2, 〈k, ej〉 = k1Re ej + k2Im ej and ψ satisfies
ψ(z) =
aj
z − pj
+O(|z − pj|) for j = 1, . . . , N (3)
for some aj ∈ C. The solutions to (1)–(3) with k and a1, ..., aN arbitrary
are parametrized (up to scale) by a one–dimensional (spectral) curve, see
(7), which up to one puncture is an N–sheeted covering of X.
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Algebraic curves of the type thus obtained appear as irreducible com-
ponents of spectral curves of minimal tori with planar ends in R3 (see §4
below). It appears that these curves coincide with the spectral curves of
certain elliptic KP solitons as studied by Krichever [3].
It should be noted that, unlike in the theory of parabolic bundles, we do
not prescribe principal parts (as the aj are not fixed), but cut down dimen-
sions by demanding that the order zero terms in the asymptotic expansions
(3) at the punctures vanish.
2. Spectral curves of Schro¨dinger operators. Let L = ∂∂¯ + U be
a two-dimensional Schro¨dinger operator with a double-periodic potential:
U(z + e1) = U(z + e2) = U(z). We say that ψ is a Floquet eigenfunction of
L with the eigenvalue E if it is a formal solution to the equation
Lψ = Eψ
which satisfies the periodicity conditions (2). The quantities k1 and k2 are
called the quasimomenta of ψ and (ν1, ν2) = (e
2pii〈k,e1〉, e2pii〈k,e2〉) are the
Floquet multipliers of ψ.
The spectral curve which parametrizes the Floquet functions for E = 0
up to scale was defined in [2], where it was shown how to reconstruct an
operator L from a (complex) curve of finite genus and some additional data.
Such operators are called finite gap at the zero energy level.
In general spectral curves are not finite genus and there are two ways
to rigorously establish their existence: by using the Fredholm alternative
for analytic pencils of operators [4], or by perturbing the spectral curve for
L0 = ∂∂¯ [5].
3. Spectral curves of tori in R3. The Weierstrass representation
assigns to every solution ψ : X → C2 of the problem
Dψ = 0,
where D is a Dirac operator with a double–periodic real-valued potential
D =
(
0 ∂
−∂¯ 0
)
+
(
U 0
0 U
)
, U = U¯ ,
a conformal immersion of X or its covering into R3, determined by
xk = xk(0) +
∫ (
xkzdz + x¯
k
zdz¯
)
, k = 1, 2, 3,
with
x1z =
i
2
(ψ¯22 + ψ
2
1), x
2
z =
1
2
(ψ¯22 − ψ
2
1), x
3
z = ψ1ψ¯2, (4)
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branched at zeros of ψ and with a double-periodic Gauss map (see [6, 7]).
Moreover, every conformal immersion of X does admit such a representation
if one allows for ψ to have Z2 = {±1}–monodromy, i.e., to be the section of
a spinor bundle on X [7].
Such a representation exists for all immersed surfaced [7], and for U = 0
it reduces to the classical Weierstrass representation of minimal surfaces.
The spectral curve of a torus in R3 is defined, in the spirit of [2], as
the spectral curve of the corresponding Dirac operator D at the zero energy
level [4]. It parametrizes Floquet functions, taken up to scale, that satisfy
the equation Dψ = 0 and the conditions (2).
This spectral curve encodes the Willmore functional W =
∫
H2dµ =
4
∫
U2dx ∧ dy, where H is the mean curvature of a closed oriented surface
immersed into R3 and dµ is the measure induced by the immersion. Will-
more tori, i.e. the critical points of the Willmore functional, are described
by integrable systems. They split into several classes one of which are the
stereographic projections of minimal tori with planar ends [8].
For Willmore tori that are not Euclidean minimal with planar ends it
was proven in [9] that the spectral curve can be compactified by adding two
points at infinity. (The result of [9] more generally concerns constrained
Willmore tori, i.e. the critical points of W restricted to tori within a fixed
conformal class.)
4. Spectral curves of minimal tori with planar ends. The spec-
tral curves of Willmore tori coming from minimal tori with planar ends have
recently been described in [10] as reducible algebraic curves with two irre-
ducible components Γ+ and Γ− which are complex conjugate to each other
and exactly of the type arising in Theorem 1.
In terms of the Weierstrass representation minimal surfaces correspond
to the trivial potential U = 0. Hence their spinor ψ splits into two compo-
nents ψ1, ψ2 such that ψ1 and ψ¯2 satisfy
∂¯ψ = 0.
By a planar end we mean a minimal conformal immersion f : D \ {p} →
R
3 of a punctured discD\{p} such that limq→p f(q) =∞ and the immersion
extends to an immersed disc in the conformal 3–sphere S3 = R∪{∞}. Such
end p is characterized by xjz, j = 1, 2, 3 having poles of order 2 with vanishing
residues. In terms of ψ = (ψ1, ψ2) this condition becomes (3).
5. Proof of Theorem 1. It appears that Theorem 1 may be proven
by a method very similar to the one used by Krichever [3].
To explicitly construct meromorphic functions satisfying (2), we use the
basic elliptic functions σ(z) and ζ(z) on X = C/Λ = C/{Ze1+Ze2} defined
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by
σ(z) = z
∏
m,n∈Z2\{0}
(
1−
z
emn
)
exp
(
z
emn
+
1
2
z2
e2mn
)
, emn = me1 + ne2,
ζ(z) =
d
dz
log σ(z).
It is known that
σ(z + ej) = −σ(z)e
ηj (z+ej/2), ζ(z + ej) = ζ(z) + ηj , j = 1, 2,
where ηj = 2ζ(ej/2) satisfy η1e2 − η2e1 = 2pii. Following [3], we define
Φ(z, α) =
σ(α− z)
σ(α)σ(z)
eζ(α)z , α ∈ C\Λ
which is Λ-periodic in α, so that it’s well defined for α ∈ X\{0} (this is in
fact the Baker–Akhiezer function for the one–gap Lame´ potential).
For given multipliers ν1 = e
2pii〈k,e1〉, ν2 = e
2pii〈k,e2〉 (see (2)) which are not
of the form eβe1 , eβe2 there are unique α ∈ X\{0} and µ ∈ C such that any
meromorphic function ψ with simple poles at z0+Λ for which the periodicity
conditions (2) hold coincides (up to scale) with
Ψµ,α(z − z0) = e
µzΦ(z − z0, α).
Riemann–Roch implies that, for given ν1, ν2 and corresponding α, µ,
any solution to the linear problem (1)–(2) with first order poles at the p1,
..., pn has to be of the form
ψ =
N∑
l=1
alΨµ,α(z − pl). (5)
The conditions (3) are then fulfilled if and only if
µal +
∑
m6=l
amΦ(pl − pm, α) = 0, l = 1, . . . , N.
This linear system has a nontrivial solution a = (a1, . . . , aN ) ∈ C
N if and
only if its determinant vanishes. This condition
detA(µ, α) = 0, Alm = δlmµ+ (1− δlm)Φ(pm − pl, α) (6)
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yields an equation of the form
µN + q1(α)µ
N−1 + · · · + qN(α) = 0. (7)
The spectral curve Γ is given by the solutions to this equation. It is an
N -sheeted covering of X\{0} with the natural projection (µ, α) ∈ Γ →
α ∈ X\{0}. The solutions ψ to (1)–(3) parametrized by Γ have Floquet
multipliers
ν1 = exp((µ + ζ(α))e1 − αη1) and ν2 = exp((µ+ ζ(α))e2 − αη2). (8)
Note that precisely the same condition (6) (although in a different con-
text) appears in [3], see (22) and the first half of (16) there assuming that
x˙k = 0 for all k. In (25) of [3] it is shown that near α = 0 the curve Γ
has one sheet at which µ + ζ(α) has a pole at α = 0 and N − 1 sheets
at which the Floquet multipliers (8) converge to multipliers of the form
(ν1, ν2) = (e
βe1 , eβe2) with β equal to the corresponding limit of µ + ζ(α)
when α goes to 0.
Floquet functions ψ for multipliers of the form (ν1, ν2) = (e
βe1 , eβe2)
cannot be obtained from the ansatz (5), but from
ψ = eβz(a0 +
N∑
l=1
alζ(z − pl)) (9)
with
N∑
l=1
al = 0. (10)
Condition (3) for this ansatz takes the form
a0 + βak +
∑
l 6=k
alζ(pk − pl) = 0, k = 1, . . . , N.
After elimination of a0, these conditions together with (10) yield N linear
equations for a1, ..., aN . Taking the determinant yields a polynomial equa-
tion of order N − 1 for β. Its solutions correspond to the N − 1 ends of Γ
for which the Floquet mulipliers have a limit when α goes to 0.
Example. In the simplest case N = 1 we have Γ = X\{0}, the spectral
curve of the one–gap Lame´ potential.
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